Modern density-functional theory ͑DFT͒ ͓1͔ has benefited much from the coordinate-scaling method ͓2͔ and the adiabatic-connection formulation ͓3͔, which have been used extensively in checking and developing density functionals ͓1-4͔. In the following, a unified formalism of these two theoretical techniques is introduced within the framework of DFT.
Via the constrained-search formulation ͓5͔, the Hohenberg-Kohn ͑HK͒ universal functional ͓6͔ F ͓ ␣␤ x y z ͔, defined within an extended domain
F ͓ ␣␤
x y z ͔ϭ͗⌿ ͓ ␣␤ x y z ͔͉T ϩV ee ͉⌿ ͓ ␣␤ x y z ͔͘, ͑1͒
always has a minimum ͓7͔ for an antisymmetric N-electron wave function ⌿ ͓ ␣␤ x y z ͔, with a specific non-negative interelectron interaction coupling constant and three positive coordinate-scaling parameters ͕␣,␤,͖. Here, ⌿ ͓ ␣␤ x y z ͔ generates a coordinate-scaled N-representable electron density ␣␤ x y z (r), which relates to the original unscaled v-representable electron density (r) via ͓8-12͔ ␣␤ x y z ͑x,y,z͒ϭ␣␤͑␣x,␤y,z͒. ͑2͒
It can be shown ͓1,13͔ that ⌿ ͓ ␣␤ x y z ͔, is an eigenstate ͑not necessarily the ground state͒ of the coupled Hamiltonian
where T , V ee , and V ext are the kinetic-energy, the interelectron Coulomb repulsion, and the external potential operators, respectively. Using arguments presented earlier ͓1,9-12͔, one can further show that
where ␣␤ x y z ⌿ generates (r) directly, minimizes
and is an eigenstate of the coordinate-scaled coupled Hamiltonian
Here ␣␤ x y z T , ␣␤ x y z V ee , and ␣␤ x y z V ext , are coordinate scaled as
with x i j ϭx i Ϫx j , y i j ϭy i Ϫy j , and z i j ϭz i Ϫz j , In the spirit of the Kohn-Sham ͑KS͒ theory ͓14͔, F ͓ ␣␤ x y z ͔ is partitioned into three main pieces:
where T s ͓ ␣␤ x y z ͔ is the coordinate-scaled noninteracting ( ϭ0) kinetic-energy functional, J͓ ␣␤ x y z ͔ is the coordinatescaled classical interelectron Coulomb repulsion functional, and E xc ͓ ␣␤ x y z ͔ is the coordinate-scaled exchange-correlation functional. Following an earlier work by Levy and Perdew ͓8͔, one can decompose E xc ͓ ␣␤ x y z ͔ into two components:
namely, the -dependent coordinate-scaled exchange functional E x ͓ ␣␤ x y z ͔,
and the -independent coordinate-scaled correlation func-
where
and *Present address: Department of Chemistry and Biochemistry, ͓ ␣␤ x y z ͔ will be used to denote E c ͓ ␣␤
͓ ␣␤ x y z ͔, and another dummy functional H͓ ␣␤ x y z ͔ will be used to denote
The definitions of ␣␤ x y z ⌿ and ␣␤ x y z ⌽ ensure that
Using Eqs. ͑13͒ and ͑16͒, one arrives at a lemma. Lemma: If an analytic function of ␣, f 0 (␣), satisfies
then it also satisfies
Similarly, if an analytic function of ␣, f 1 (␣), satisfies
In principle, for an analytic function f 2 (␣),
However, there is a great chance practically for them all to be divergent at the same time. This lemma suggests that one only need to pay attention to the limit of
The two special cases ␣→0 and ␣→ϱ will be considered below.
First, as ␣→0, ͕␣,␤,͖ are assumed to be ␣р␤р, and ϵ(␣/ 2 ) is assumed to be 0:
Then the interelectron Coulomb interaction operator in Eq. ͑8͒,
can be treated as a perturbation to the kinetic-energy operator in Eq. ͑7͒, 
where ␣␤ x y z ⌽ n is the nth-order wave function. Inserting Eq. ͑24͒ into Eq. ͑15͒ yields
where V n ͓ ␣␤ x y z ͔ is the nth-order correlation potential energy. From Eq. ͑25͒ and the lemma, one arrives at the following theorem.
Theorem 1: Assume that as ␣→0, ␣р␤р, and lim ␣ ϭ0. If an analytic function of ␣, f 0 (␣), satisfies
A simple choice for f 1 (␣) in Eq. ͑28͒ is just 1/(␣). When Eq. ͑21͒ is invalid, the interelectron Coulomb interaction operator in Eq. ͑22͒ can no longer be treated as a perturbation to the kinetic-energy operator in Eq. ͑23͒, and hence Eqs. ͑24͒ and ͑25͒ are also invalid. However, one can still rely on the lemma, and conclude the following theorem, since this time, V c ͓ ␣␤ x y z ͔ is simply O(␣). Theorem 2: Assume that as ␣→0, ␣р␤р, and lim ␣ ͉͉Ͼ0. If an analytic function of ␣, f 0 (␣), satisfies
then is also satisfies
Second, as ␣→ϱ, ͕␣,␤,͖ are assumed to be ␣у␤у, and ϵ(/␣ 2 ) is always 0: lim ␣→ϱ ϭ0.
͑34͒
can be regarded as a perturbation to the kinetic-energy operator in Eq. ͑7͒,
Based on a reason similar to that above, ␣␤ x y z V ext converges to 
where ␣␤ x y z ⌽ n is the nth-order wave function. Inserting Eq. ͑37͒ into Eq. ͑15͒ yields
where V n ͓ ␣␤ x y z ͔ is the nth-order correlation potential energy. From Eq. ͑38͒ and the lemma, one arrives at the following theorem.
Theorem 3: Assume that as ␣→ϱ, ␣у␤у, and lim ␣ ϭ0. If an analytic function of ␣, g 0 (␣), satisfies
Similarly, if an analytic function of ␣, g 1 (␣), satisfies
A simple choice for g 1 (␣) in Eq. ͑41͒ is just 1/(). Many requirements for E c ͓ ␣␤ x y z ͔ obtained earlier ͓2,8-10͔ are applications of these three theorems. Especially, at ϭ1, the constants in Eqs. ͑36b͒ and ͑43b͒ of Ref. ͓10͔ are identified as zero:
Following the description of the lemma and theorems 1-3, one can easily carry out the same analysis for more complex cases as those collected in Table I . It is also necessary to emphasize that the present discussion differs from an earlier work ͓10͔ in two ways: first, Eq. ͑16͒ and the lemma have been observed throughout the derivation, and, second, the convergence property of ␣␤ x y z V ext has been taken into consideration in the perturbation expansions of Eqs. ͑24͒ and ͑37͒.
The same kind of analysis can also be carried out for E x ͓ ␣␤ x y z ͔. Using the KS orbitals, one can readily simplify Eq. ͑12͒ to
͑44͒
where ␣␤ x y z ␥ KS (r 1 ,r 2 ) is the KS first-order reduced density matrix:
͑45͒
Invoking Roothaan's arguments ͓15͔, one knows that
Also, a direct observation of the positivity of V ee 0 ͓ ␣␤ x y z ͔ from Eq. ͑12͒ and the negativity of E x ͓ ␣␤ x y z ͔ from Eq. ͑44͒ leads to a much simpler derivation of the same result.
Theorem 4: Assume that, as ␣→0, ␣р␤р, If an analytic function of ␣, h(␣), satisfies TABLE I. Some popular choices for ͕␣,␤,͖ and their associated f 0 (␣), f 1 (␣), g 0 (␣), and g 1 (␣) functions in theorems 1-3. 
The proofs of theorems 4 and 5 from Eqs. ͑44͒ and ͑46͒ are elementary, and hence are omitted here. Also, Eqs. ͑49͒ and ͑52͒ automatically satisfy the general inequality in Eq. ͑46͒. With these five theorems and the lemma, one can then easily discuss the limits of f (␣)E xc ͓ ␣␤ x y z ͔ for any analytic function f (␣).
Finally, it is worthwhile to point out the intrinsic equivalence ͓16,17͔ between the uniform coordinate scaling ͓2,8͔ and the adiabatic-connection formulation ͓3͔. In Eqs. ͑1͒ and ͑4͒, after setting ␣ϭ␤ϭ, one has an identity F ͓ ␣␣␣ 
